Since |S| < √ 1 + 2c, given x ∈ M, there exists const < ∞ such that for every
Hence lim inf y→∞ |Rc| (y) = 0. By estimating f , Wu [3] obtained a similar result.
Remark. Define ρ (x, y,s) inf γ J (γ), where the inf is over γ : [0,s] → M from x to y. Let γ be a minimal φ-geodesic. Since ∇ S S = ∇φ, we have 
be a parallel orthonormal frame along γ 0 . Summing U = s s e i over i in the second variation formula, we obtain
Thus Φ =s
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For any x, y ∈ M, among all paths joining x to y, there exists a minimizer of J .
and define S = Γ * (∂/∂s) and U = Γ * (∂/∂u). The first variation formula is
Hence the critical points γ of J on paths with fixed endpoints, called φ-geodesics, are the paths which satisfy ∇ S S = ∇φ. This implies |S| 2 − 2φ = C = const on γ. Let Rm denote the Riemann curvature tensor. The second variation formula is
where we used ∇∇φ (U, U ) = U (U (φ)) − (∇ U U ) (φ). So when γ 0 is a φ-geodesic,
Now assume ζ : [0,s] → R vanishes at the endpoints, let {e i } n i=1 be a parallel orthonormal frame along γ 0 , take U = ζe i , and sum. If γ = γ 0 is φ-minimal, then
Let f : M → R. By ∇∇f (S, S) = S (S (f )) − ∇ S S, ∇f , and ∇ S S = ∇φ, we have
where Rc f = Rc +∇∇f and we integrated by parts. Let ∆ f = ∆ − ∇f · ∇. Then
Let (M, g, f ) be a complete steady gradient Ricci soliton with Rc f = 0, R + |∇f | 2 = 1 and R > 0. Let c > 0 and φ = cR.
and |γ ′ | 2 = |S| ≤ √ C + 2c, on a minimal cR-geodesic we have 1 Addresses. Bennett Chow: Math. Dept., UC San Diego; Peng Lu: Math. Dept., U of Oregon. 2 So J is like Perelman's L-length [3] . In contrast, the integral curves to ∇f are − R 2 -geodesics.
Since |∇R| = 2 |Rc (∇f )| ≤ 2 |Rc|, we have the same estimate for
Hence there is z = γ(s 0 ),
)d(x, y). We have proved that given x ∈ M, there exists const < ∞ such that for every y ∈ M\B(x, 4) there exists z ∈ M with d (z, y) ≤
. Hence lim inf z→∞ |Rc| (z) = 0. This is a result of Fernández-Lopez and García-Río [1] . By estimating the potential f , Wu [4] obtained lim inf z→∞ R(z) = 0.
Remark. Define ρ (x, y,s) inf γ J (γ), where the inf is over γ : [0,s] → M from x to y. Let γ be a minimal φ-geodesic. Since ∇ S S = ∇φ, we have (f (γ (s)) − f (y)) ds .
